ABSTRACT. We investigate the extent to which the eigenf unction expansions arising from a large class of two-point boundary value problems behave like Fourier series expansions in the norm of Lp(0, 1), 1 < p < oo. We obtain our results by relating Green's function to the Hilbert transform.
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Introduction.
If / is in L^O, 1), 1 < p < oo, and if sNf denotes the Nth partial sum of the Fourier series of /, then it is known [l, p. 100] that there exists a constant K > 0 such that and in addition, (1.2) lim ||/-s /H =0. N -oo In this paper, we investigate the extent to which these relations remain true for and there is a constant
For Birkhoff regular [3, p. 49l 
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is dense in LpiO, l).
For any complex number p, the differential equation r(u) = -pnu has 72 linearly independent solutions u such that u is in C" [O, l] and u is absolutely continuous [6, p. 703] . Thus u is in Lpi0, l), and consequently, r(u) is in L^O, l). Therefore, if í>(x, p) is any fundamental matrix for Áu) = -p"u, -pn is an eigenvalue of T if and only if
is in L^O, 1) if / is in Lpi0, l). Additionally, u is in A and Tu = -pnu + f.
Thus the Green's function for the problem is the kernel of the resolvent operator
, and the partial sums S" of eigenfunction expansions corresponding to T ate obtained as the sums of residues of (1.5).
Since it is more convenient to work with the complex parameter p than with A = -p", we shall integrate over circular arcs subtending angles 277/72 in the p-plane, rather than over circles in the A plane.
In §2 of this paper we discuss the asymptotic properties of solutions to riu) = -pnu, and we define the class of boundary conditions we shall consider.
This material is basically a convenient reformulation of known material, with some generality added.
In §3 we will investigate the Green's function for T and we shall show how to associate the integer ttz to a particular problem. In §4 we will use the Hilbert transform to estimate the norms of a family of integral operators, and in §5 we shall obtain the results (1.3), (1.4). The case that a ,(x) / 0 can be reduced to the case considered above, pro- of T satisfy the conditions given there, and in addition that a _', be of class L^tO, l] , where k max (n ■ 1, v i l).
In the case that t has no (77 -l)th derivative term, the boundary expression U and the coefficients a are to be selected so that the resulting boundary value
License or copyright restrictions may apply to redistribution; see http://www.ams.org/journal-terms-of-use
1972] THE Z^ BEHAVIOR OF EIGENFUNCTION EXPANSIONS 337
problem is Stone regular [7, p. 487] .
As is pointed out in [7, p. 494 If there is an (tí -l)th derivative term in r, the influence of the substitution u = qv is easily described. Since
we see that zz(x) = Zix)iAx), wherẽ qix)
primes to denote the transformed problem, we have, in the notation of [7, p. 48l 
, so for any p not a zero of Dip),
Although the notation in [7] is for problems in which <*n_i ~ 0, the expressions From now on we shall assume that a _ = 0 and that the problem (r, U) is Stone regular. We shall no longer use the prime notation.
3. Green's function. In this section we will rely heavily on the notation and equations of [7] .
The expression (3.1) iSNf)ix)= P(l/277z) f np"-lGix, t, p)dpfit)dt 
As is indicated in [7, p. 479] , it is convenient to introduce a function Fix, t, p) related to G [7, p. 483] , and the analogous function TQ for G", and then to [7, p. 486] , we see that ||ER|| -* 0 on a dense subset of L^(0, l), so by the uniform boundedness, ||ER|| -»0 on all of L^iO, l).
(The argument in this paragraph sets the pattern for the more involved arguments in § §4 and 5.)
For HR, using equations (2.9) and (2.11) in [7, p. 484] , we can easily verify that the kernel of (3.3) is uniformly bounded and, by the argument following Theorem 2.3 in [7, p. 486] , that for any f in L (0, l), HR(x) goes to zero uniformly as R gets large.
Note that the properties of T are independent of the assumption of Stone regularity. This assumption is needed to obtain for G -T results analogous to those above. We will suppress the subscripts k and / whenever possible. Proof. The proof is an immediate consequence of integration by parts, noting the simple form of the exponents yxx, t), and the fact that the boundary values of / ' are zero for 0 < i < m -1.
The value of (3.5) is that each of the positive powers of p appearing in (3.4) has been eliminated. In addition, each of the first ttz + 1 terms on the right of 
